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It is shown that X 1 * h 2 1.S.) A,, p are not all of the same sign and at least one 
ratio X,/X, is irrational then the values taken by &xl3 + a*. + &x6” $ @ for 
integer values of X, ,..., x6, y are everywhere dense on the real line. A similar 
result hdlds for expressions of the form &xl3 + a.. + X,xla + pLIyl* + pLey,*. 
1. INTRODUCTION 
Chowla [3] showed that if A, ,..., A, are nonzero real numbers such that 
all the ratios Ai/& (i # j) are irrational and if n >, 9 then 
takes arbitrarily small values for integer values of x1 ,..., x, , not all zero. 
This result was improved by Davenport and Heilbronn [4] who replaced 
“9” by “5” and used only the weaker condition that at least one of the 
ratios Ai/& is irrational. Their proof also works for additive forms of 
degree k in s > 2” + 1 variables. Watson [7] adapted the Davenport- 
Heilbronn method to prove a similar result for 
Q(x) = 5 h2 + ~,x,x, 7 
r=1 
where Q(x) is an indefinite form, of nonzero determinant, such that at 
least one of the ratios h&I, is irrational. Bambah [l] used essentially the 
same method to prove that if k is any positive integer then 
4 
F(x) = c x,xp2 + /Lx,” 
TZZl 
142 
Copyright 0 1977 by Academic Press, Inc. 
All rights of reproduction in any form reserved. ISSN 0022-314X 
DIOPHANTINE INEQUALITIES 143 
takes arbitrarily small values for integer values of x1 ,..., x5, not all zero, 
provided that A1 ,..., A4, TV are not all of the same sign and at least one 
ratio h,/hj is irrational. 
This appears to be the only result known for Diophantine inequalities 
with mixed powers. Our purpose here is to obtain two further results of 
this type. The proof depends on estimates due to Davenport and Roth [Yj. 
. 
THEOREM 1. Let A, ,..,, A, , p be nonzero real numbers, not all of the 
same sign, and such that at least one ratio Xi/X, is irrational. Then for any 
real number v and any E > 0 the inequality 
I hX13 + ‘** + A,Xe3 + py2 + v / < E (1) 
has infinitely many solutions in positive integers x1 ,.,., x6 , y. 
THEOREM 2. Let A, ,..., A,, pI , pLz be nonzero real numbers, not all of 
the same sign, and such that at least one ratio XilAj is irrational. Then for 
any real number v and any E > 0 the inequality 
I ~lX13 + *.- + h3 4 PlY12 + p2Y,2 + v  1 < E (2) 
has infinitely many solutions in positive integers x, ,..., x4 , y1 , y2 . 
Since the proof of Theorem 2 is very similar to the proof of Theorem 1 
it is omitted. 
2. PRELIMINARIES TO THE PROOF OF THEOREM 1 
It is sufficient to prove Theorem 1 with E = 1 since the result may then 
be applied to 
l 1(h,Xl3 + -0. + h,xe3 + py2 + v). 
We may also suppose that Al/A2 is irrational. 
Suppose that A1 ,..., Aa are not all of the same sign. If &/A1 > 0 then for 
some j > 2 we have hi/h, < 0 and so &/A, < 0. Now hj/h, and Ai/A2 
cannot both be rational and so there is no loss of generality in assuming 
that X,/h, is both negative and irrational. We now replace A, by 8”‘A1 and 
A2 by 8”A2, where m and n are positive integers. Then we may suppose 
that 
2(2)“” b I A,/& I 3 l/(2(2)““) 
and renumbering Al and A, if necessary we have 
2(2>l’” 3 I A,/& I > 1. (3) 
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Similarly, we may also suppose that 
I h/h2 I < l/l@) for j = 3,4 and I P/X2 I < mo. (4) 
On the other hand, if A, ,..., A, are all of the same sign then X,/p is 
negative. Replacing A, by PAI and p by 4”~, where m and n are positive 
integers, we may suppose that 
8>/4/p/>l. (5) 
We may also suppose that 
I VP I -=c 1P for j = 2, 3,4. (6) 
For any large positive number P, let N(P) denote the number of 
solutions of the inequality 
1 &Xl3 + **a + &x,3 + pyz + v I < 1 (7) 
in integers x1 ,..., x6 , y satisfying 
P3,<y<5P3, (8) 
P2 < Xi < 2P2 for i = 1,2,3,4, (9) 
Peis < xi < 2P8/5 for i = 5,6. WV 
Writing e(z) for exp(26z) we take 
S(a) = S(P, a) = C e(olx3), 
P2<2<2P9 
(11) 
s*(a) = s*(P, CL) = c 4=3), (12) 
pa’%prc<ZP~~~ 
We put 
T(a) = T(P, ~4) = C e(ay”). 
P8<tlsg6P3 
(13) 
and 
K(a) = (sin v++. 
(14) 
(15) 
LEMMA 1. For any real number 11 we have 
s m e(Ta) K(a) dcx = max(O, 1 - I n I). -03 (16) 
This is Lemma 4 of [4]. 
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It now follows in the usual way that 
N(P) 3 /a V(a) e(w) K(a) da. 
--m (17) 
We choose a small positive constant 6 and divide the range of integration 
into four parts: 
j a j < P--4--28, (W 
p-a-zs < 1 a 1 ,< PlO8, (19) 
PI08 < 1 01 1 < Pll2, (20) 
1 a / 3 Plj2 (21) 
which make contributions C, ,..., C, , respectively, to the integral in (17). 
We shall show that there is a positive constant y such that 
Cl >, yP”‘/5 (22) 
and that 
cj = o(pw5) for j = 2,3,4 (23) 
as P -+ co through a suitable sequence of values. When we use Vino- 
gradov’s <-notation the implicit constant is independent of P. For brevity 
we write Si for S&Y), T for T(p), and K for K(a). 
3. THE MAIN TERM 
Let 
LEMMA 2. If LX < P-4-ao then 
S(a) = I(a) + O(1). 
This is essentially, [5, Corollary to Lemma 111. 
(27) 
LEMMA 3. If a < P4-a then 
T(a) = J(a) + O(1). 
This is essentially [2, Lemma 21. 
(28) 
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LEMMA 4. If a # 0 then 
I(a) < I a 1-3 
and 
J(a) < 1 a I-112. 
This is essentially [l, Lemma d,]. 
(29) 
(30) 
LEMMA 5. j V(a) e(w) K(a) da = J W(E) K(a) da: + O(P41/5--2S), (31) 
where the integrals are over 1 01 j < P-4--28. 
ProoJ We have K(a) Q 1 and, in the range of integration, e(av) = 
1 + O(P-4-2a). Therefore, from Lemmas 2 and 3, 
1 V(a) e(w) K(a) - W(a) K(a)1 < P61j5. 
Integrating over 1 01 I < P-4-2s we have 
) 1 Y(a) e(w) K(a) da - 1 W(a) K(a) da / 
< I 1 V(a) e(w) K(a) - W(a) K(a)1 dol Q P41/s-26, 
LEMMA 6. 
s W(a) K(cY) dol << Pg8/15+26, (32) 
where the integral is over I 01 1 > P-4-2a. 
Proof: Combining Lemma 3 with the estimates K(a) < 1 and Sj* < 
Pels for i = 5 3 6 we have 
1 W(u) K(ci) dor < P=6/5 j” CX-~/~CI-~/~ dcx Q Pg8/15t-2a. 
COROLLARY. 
1 V(a) e(w) K(u) doL = sy W(a) K(a) doL + O(P41/5-26), 
--m 
where the left-hand integral is over 1 01 1 < P-4-26. 
Combining Lemma 1 with (24), (29, and (26) we see that 
s m W(a) K(u) da -cc 
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where ? = (7, , 7l ,..., v4), z = (z5 ,z3, 
f(q; 4 = max (0, 1 - I kqo + hlyl + *-* + X4q4 + &z,~ + X,Z,~ I) 
and the summation is over integers z5 , z, satisfying 
PSlS < z ---. 57 Z6 < 2PSi5. 
Let g(z) = h5zS3 + h,ze3 = o(P6). 
We suppose first that AI/X, < 0 so that (3) and (4) hold. We take G(z) 
to be the region in q-space satisfying 
I PTO + hrll + *** + A474 + g(z)/ -c 9, (34) 
3P6/2 < ql < 2P6, (35) 
2P6 <Q,r/3,r/4 <3P6. (36) 
For fixed values of qo, qI , q3 and r/a we see that qZ takes any value in an 
interval of length ( A, 1-l so G(z) has volume 
V(G(z)) = 4 j h, j-lPz4. (37) 
Since ;\,/A, -=c 0 and g(z) = o(P”) we have 
72 = I~l/h I rll - (A /A > 3 2 72 - @4/h) r/4 - (P.l~2) 770 + 4p3 
so that 
(3P6/2) - 3(3P3/100 + o(P6) < q2 < 2(2’9(2P”) + 3(3P6)/100 + o(P6). 
In particular, P6 < ~7~ < 8Ps so that G(z) is contained in the region T(z) 
defined by 
IP?o+h+*~~ + x47)4 + &ml < i, 
P” < qj < 8P6 forj= 1,2,3,4, 
Ps < r], < 25Ps. 
From (37) we see that r(z) has volume > P24 and so the integral on the 
right-hand side of (33) is 
(38) 
On the other hand, if A, ,..., A, are all of the same sign then AI/~ < 0. 
We take G*(z) to be the region in q-space satisfying (34) and 
2P6 < 7jf < 3P6 .fori= 1,2,3,4. 
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Then V(G*(z)) > Pz4 and, from (5) and (6), we see that 
P6 < q0 < 25P0. 
Thus G*(z) is also contained in r(z), and so we obtain (38) in the same way. 
4. REDUCTION TO A FINITE INTEGRAL 
LEMMA 7. LetF(a) = Ce(af(x)), h f w ere is any real function and the 
summation is over any finite set of integer points x. Then for any A > 4 we 
have 
s lal>A 
1 F(a)>I” K(a) dol < (16/A) j-= I F(cx)12 K(a) dor. (3% 
--oD 
This is Lemma 2 of [5]. 
LEMMA 8. For any E > 0 
s m 1 S(hja)[8 K(a) dol < P1o*F for i = 1, 2, 3, 4 (40) -co 
and 
s 
m 1 T(/Lu)\~ K(ol) dol < P6+s. (41) --m 
These estimates are particular cases of a result of Hua [6] (see [4, Lemma 8; 
5 Lemma 71). 
LEMMA 9. For any E > 0 
This is essentially [5, Lemma 81. 
LEMMA 10. For any E > 0 
s 1 V(a) e(w)1 K(a) da < P*ljlO+r, 
(42) 
(43) 
where the integral is taken over 1 OL 1 > P1la. 
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ProoJ: Using Holder’s inequality and the trivial estimates S, < P2 and 
1 e(w)] < 1 we have 
where the integrals are over I 01 / 3 P1j2. Applying Lemmas 7,8, and 9 and 
the inequality 1 S,S, I4 < 1 S, [* + [ S, I8 we have 
1 ] V(a) e(w)/ K(a) da < P2P-1/2 11 Jrn I Si I8 K da/l” 
i --oo 
X /j-” 1 T I4 Kdj1’4/j-- 1 S,S,*S,* 12 KdcfiZ --co --m 
5. THE CONTRIBUTION C, 
LEMMA 11. Let Al and A2 be jixed real numbers of irrational ratio and 
let P3 be the denominator of a convergent to the continued fraction for 
&/A2 . Then if 
P-4-28 < ( a! 1 < P106, (44) 
we have 
min (I S(h,ol)l , 1 S(X2a)l) < P3/2+26. 
This is essentially [5, Lemma 131. 
Thus, as P + co through the above sequence 
(45) 
s I U4 44 J34 da 
< max min(l &WI, I W,or)l) C lrn I JYoL)l KC4 da, -co 
where the left-hand integral and the maximum are taken over the range 
(44) and V’(a) denotes V(a) with either S(X,ol> or S@,ol) omitted. Estimating 
the right-hand integral as in Lemma 10 we see that for any E > 0 it is 
< Psello+r. Therefore, integrating over the range (44) we have 
s 1 V(a) e(w)/ K(a) da < P3/2+26P6.6/10+c 
= pa1 /l0+28+r (46) 
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6. THE CONTRIBUTION C, 
In order to estimate the contribution to the integral from those in the 
range (20) we choose constants 8, , 8r ,..., 8, such that 
106 = e. < 8, < ..- < 8, = + and ei+l < 126 + 38, 
for i = O,..., N - 1. (47) 
LEMMA 12. Suppose that &CX = a/q + j3, where 
(49) = 4 1 < q ,( P4+26, and ) q/3 1 < P-4-26. (48) 
Then 
(i) if q > P2-2s we have S(h,ol) < P3/2+26, (49) 
and 
(ii) if q < P2-26 we have S&E) < q-lj3 min(P2, P-4 ] /3 1-l). (50) 
This is essentially a combination of Lemmas 11 and 12 of [5]. 
LEMMA 13. Let A, and A, be fixed real numbers of irrational ratio and 
suppose that P3 is the denominator of a convergent to the continuedfraction 
for Al/X2 . Then if 
peg < j 01 ] < psi+1 (51) 
we have 
min(l S(h,ol)j, ] S(X2a)/) Q P3’2+2a+e~‘2. (52) 
Proof. For each u there exist integers a, , ql, a2, and q2 such that 
&a = ailgi + Pi , (ai, = 1, 
1 < 43 < Pa+“, and 1 qipi j < P-4-26 for i==l,2. 
(53) 
From (20) we see that a, and a, are nonzero. The result follows from the 
first part of Lemma 12 if either q1 > P2-2s or q2 > P2-2*, so we may 
suppose that 
qi < P2-2s fori= 1,2. (54) 
The result will now follow from the second part of Lemma 12 unless 
qy3 min(P2, p-4 1 pi I-1) > p3/2+2s+w for i=l,2. (55) 
We may therefore suppose that for i = 1,2 we have 
qi < p3/2-6a-3ei/2 and , pi , < gtl'3p-1'/2-26--8~/2~ (56) 
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Now 
SO 
a2qM2 = a,q,((a, + q,B,)/@, + 9282)) 
IOll~2) a26 - a1q2 I = I q2(~2qlBl - W282M~2 + q2P2)l 
Q w32(/ A I + 182 1) 
since j a,q,/u,q, j is bounded. Therefore, from (56), 
I(h,/h,) a2q1 - u,q, ) < q1q2(q;1’3 + 421’3) P-11'2-2s-s~'2 
Q p-3-126-30i~ 
(57) 
Taking q’ = I a2 ) q1 and a’ = &z,q, we have 
I&/h,) q’ - a’ 1 Q P--3-136-3eJ 
and 
(58) 
1 < q’ < ( o( j qlqz < P3-126-3e~+o~+1 = o(P3). 
This contradicts Legendre’s law of best approximation that 
IOll~2) 4' - a' I > wp3) 
for all integers a’, q’ with 1 < q’ < P3, and so establishes the lemma. 
LEMMA 14. As P + co through the sequence of values for which Pg is a 
denominator of a convergent to the continued fraction for Al/h2 we have, for 
any E > 0, 
s 
1 V(a) e(w)1 K(a) dol Q P81/10+26+r, (60) 
where the integral is over Plea < 1 Q 1 < Pl12. 
Proof Since N is independent of P it is sufficient to prove that 
s ~~,~ 1 V(a) e(w)/ K(a) da < P81110+2s+C 2 
for i = 0, 1 ,..., N - 1, where 9’(i) is the set of LX satisfying (51). In the 
notation of Lemma 11 we have 
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where the integrals and the maximum are taken over Y(i). Now, as 
K(a) < c2, for any E > 0 we have 
by Hua’s lemma (see [4, LCmma 81). Similarly 
s 9%) 
1 S(X,a)~” K(a) dol < l’-Oil’lO+r for j = 1, 2, 3. 
Since 
s j V(a)\ K(a) da < P 311+26+Oi12 d-Oi/2+r/2 13/6+r/2 P P 5%) 
= psl/lo+2s+~ 
This complet es the proof of Lemma 14 and Theorem 1 now follows 
from (38), (43), (46), and (60). 
X Ij-” I S,S,*S,* I2 K da/“’ 
--c 
we have, from Lemmas 9 and 13, 
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